Abstract. In this paper, we use moving mesh fintie element method based upon 4P 1 − P 1 element to solve the time-dependent Navier-Stokes equations in 2D. Twolayer nested meshes are used including velocity mesh and pressure mesh, and velocity mesh can be obtained by globally refining pressure mesh. We use hierarchy geometry tree to store the nested meshes. This data structure make convienence for adaptive mesh method and the construction of multigrid preconditioning. Seveval numerical problems are used to show the effect of moving mesh.
Introduction
It is important that solving incompressible Navier-Stokes equations by mixed finite element method. In order to satisfy the LBB condition, one way is to enhance velocity space relative to pressure, for example Taylor-Hood element. The other is imposing constraint on pressure space, such as stablized P 1 − P 1 , P 1 − P 0 ( [1] , [2] ). In practical computing, adaptive scheme is often used to decrease the computitional cost for efficency. Meanwhile, it can improve the quality of solutions locally see [3] . There are some works using h-adaptive P 2 − P 1 element because of simplicity, see ( [4] , [5] , [6] ) for detail. However, if domain has some corners or solutions have some singularities, we tend to use lower order approximations in engineering computation. Adaptive method with stablized P 1 − P 1 and P 1 − P 0 elements are proposed in [7] . In [8] , dual element P 1 − P 0 is used for moving mesh method. It has some technical difficulties in applying adaptive mesh based on unstable element pairs. So P 1 isoP 2 P 1 ( [9] , [10] , [11] ) is considered. In [10] , it is pointed out that P 1 isoP 2 P 1 satisfies the LBB condition. Four velocity elements can be obtained by refining the pressure element one time as Figure  1 shows. Note that P 1 isoP 2 P 1 element is based on one set of mesh, so basis functions of pressure element are obtained by the interpolation of velocity basis functions. This will increase caculation.
In this paper, we choose 4P 1 − P 1 finite element pair. It has the same structure as P 1 isoP 2 P 1 pair, so the LBB condition is natrually satisfied. However, The basis functions of both velocity and pressure elements are all standard P 1 element without any extra interpolation. We use the hierarchy geometry tree which was proposed in [12] to store the mesh structure of 4P 1 − P 1 pair.
Moving mesh finite element methods have been developed by a lot of works such as [13] , [14] , [15] , [16] . In [16] , a moving mesh finite element method based upon harmonic map was proposed. The authors in [8] extended the moving scheme to solve incompressible Navier-Stokes equations. However, the boundary conditions of numerical experiments in [8] are periodic. In this paper, we use moving mesh method based on 4P 1 − P 1 pair and the boundary conditions are general Dirichlet and Neumann boundary conditions.
The layout of the paper is arraged as follows. In section 2, we introduce the NavierStokes governing equations. In section 3, we illustrate data structure for finite element pair 4P 1 − P 1 , In section 4, 4P 1 − P 1 pair is used to approximate the governing equations. Next, the AMG preconditioner for steady stokes equations is shown. In Section 6, the moving mesh strategy is given. Then we present numerical experiements in section 7. Finaly, we give the conclusions in this section.
Governing Equation
Following [17] , we give nondimentional incompressible Navier-Stokes equations as follows:
The variable u is velocity and the scalar variable p is pressure. The phisical domain is Ω. Reynolds number Re := UL ν , where L represents a characteristic length scale for Ω, U is the mean velocity of the inflow and ν > 0 is the constant kinematic viscosity. The initial boundary value problem of the system (2.1), with initial and boundary 
where n denotes the outward normal to the boundary.
3 Illustration of the 4P 1 − P 1 element
From [10] , we know that P 1 isoP 2 P 1 element satisfies the LBB condition. This element pair is based on only one mesh for instance velocity mesh as shown in Figure 2 . The velocity space is represented by standard P 1 basis functions, while pressure space is represented by piecewise linear on the larger P 2 element. So the basis function on node 1 of pressure element isÑ 1 
. This interpolation will make caculation complicated. Whereas 4P 1 − P 1 element is based on two nested meshes including velocity and pressure mesh. So both velocity and pressure spaces are represented by standard P 1 element. This will simplify matrix assembly. We use the hierarchy geometry tree in [12] to store the nested meshes, as Figure 3 shows. Notice that two meshes are used, the 1 − 1 index between them are needed. By traversing all pressure elements one time, we can acquire the 1 − 1 index based on the hierarchy geometry tree as Algorithm 3.1 shown. After the index built, we can just only use P 1 element to assemble divergence matrix for velocity and pressure. HElement DIM, DIM * parent ← activeiterator− parent 6: int index-p-element ← parent− index 7: int n child ← parent− n child 8: index-p2v[index-p-element].resize(n child) 9: while i ≥ 0 and i < n child do 10: HElement DIM,DIM * chi ← parent− child [i] 11:
end while 15: end while
Finite Element Approximation
We define the solution and test spaces as
) is the triangulation for velocity mesh. Two finite element spaces X h E ⊂ H E and P H ⊂ L 2 (Ω) are seperatly on T h and T H . So the discreted weak formulation of (4.4) is: 
Substituting (4.6) into (4.5), then a linear system
is obtained, where
dt is the time step. Mass matrix M, Laplacian matrix A and convection-diffusion matrix W are defined as following:
The right hand side terms f x , f y , g seperatly are
Here, we concentrate on the assembling of divergent matrix. Take B T x for instance. Let △ v i be a velocity element, we can find the corresponding pressure element △ p k (see Figure 4) by the index built in the last section. The local index of basis function is shown. φ i 1 , φ i 2 , φ i 3 are the standard linear triangle basis functions defined on
Add the entries of (4.10) to correspondent positions (i 1 ,
x . After traversing all the velocity elements and repeat above action, B T x is completely assembled. Similarly, we can assemble matrix B T y . Conversly, by the index of pressure element p k , we can find the corresponding four small velocity elements v i , v j , v p , v q see Figure 4 . B x can be assembled by the similar process of assembling of B T x . If we get rid of time term and nonlinear u · ∇u in system (2.1), we can get steady Stokes equations. After the same discretization, the linear system equation is as follows  Without loss of generality, we setf x = 0,f y = 0,ĝ = 0.
Precondition strategy
For simplicity, we apply algbraic multigrid preconditioner to the steady Stokes equations. Recall linear system (4.11), we choose a MINRES as the solver. As we know, we should choose an efficient preconditioner to improve the efficency of MINRES. Let A be the coefficient matrix in (4.11):
Block diagonal preconditioner K discussed in [17] is defined as following:
where S = Re(B x A −1 B T x + B y A −1 B T y ) is schur complement matrix of A. A good approximation of S will accelerate the speed of solving (4.11). According to [17] , pressure mass matrix Q can be an good approximation of S andQ = diag(Q) works well in practical computation. Here, we briefly illustrate the implementation of preconditioning. We use a matrix K We solve the time-dependent Navier-Stokes system (4.7) using GMRES method preconditioned with incomplete LU decomposition.
Moving mesh Stategy
At time t = t n+1 , by scheme mentioned above, we can get numerical solutions u
h . We follow the framework in [8] to implement divergence-free interpolation of (u
. However common Dirichlet and Neumann boundary conditions are considered instead of periodic boundary conditions. Briefly speaking, our moving mesh strategy mainly contains four steps as follows.
step 1 Obtain monitor function. Choices of an appropriate monitor function are very important for adaptive scheme. There are some common choices of monitor function G, such as vorticity-based monitor:
where ω = ∇ × u, α, β are positive constants. In this work, β = 2 obtains good result. Another selection of G is gradient-based monitor:
where u denotes velocity.
step 2 Get a new logical mesh. Solve elliptic equation
where m = 1/G, ξ is the coordinates of the logical domain, see [16] for details. Then a new logical mesh is obtained with triangulation T * c and A * as its nodes. 
Then the displacement of physical mesh δX is obtained according to δA. Finally, A new physical mesh is achieved:
where µ is a constant, see [8] for details.
step 4 Interpolation of solutions. It is required to maintain divergence-free in the interpolation when implementing moving mesh method to solve incompressible flow. In [8] , solution re-distribution on the new mesh T * is achieved by solving lineard inviscid Navier-Stokes-type equations. Weak formulation of (6.8) is:
In this work, we apply full implicity scheme which is unconditional stable, instead of three-step Runge-Kutta in [8] , to (6.9) for time discretization:
where u (n) h and p (n)
H are the numerical solutions of Navier-Stokes equations at t = t n+1 using the mesh at t = t n . u In order to illustrate our scheme, we demonstrate the flow-chart of the Algorithm 6.1. α = 5.0, β = 2.0. The computations are started at t = 0 and evolving forward until t = 0.4, meanwhile we compute the numerical error: 2) where N u and N p seperatly denote the number of edges of velocity mesh and pressure mesh. The velocity mesh space ∆h on velocity mesh is defined as 3) where N e denotes the number of elements of velocity mesh. Note that the pressure mesh space is 2∆h. From Figure 5 , it is discoverd that velocity has a second-order accuracy and pressure has at least first-order. Moving mesh and pressure contour are shown in Figure 6 . 
Navier-Stokes flow over a step
We consider the test problem in [18] that the Navier-Stokes flow over a step with Re = 1000. The domain is Ω = (0, 4) × (0, 1)/(1.2, 1.6) × (0, 0.4), and on the upper and bottom boudaries, Dirichlet condition u = (0, 0) T is imposed. Outflow boundary is enforced natural boundary condition meanwhile at the inflow boundary u = (4y(1 − y), 0).
Vorticity-based monitor (6.1) is selected as monitor with α = 0.4, β = 2.0. As we known, singularities arise due to the concave corner in this problem. The development of moving mesh and vorticity contour as time evolving are show in Figure 7 and 8. It can be observed that mesh clusters near the top concave edge and moving mesh is consistent with the structure of vorticity.
In Figure 9 , the comparation of pressure contour with uniform mesh and moving mesh at t = 20 are shown. In the uniform case, numerical dissipation is introduced. While better representation of pressure contour with less dissipation is obtained in the moving case. 
Flow over cylinder
This example models the development of flow over an cylinder along a retangular channel. In [15] , the authors apply moving finite element method to this problem. The center of cylinder is (0, 0) and radius is r = 0. Outflow boundary x = 5 is natrual condition. If we concern the fine flow structure, it is required high resolution for small scale structure. For detecting the vorticity, (6.1) is a good choice as the monitor in our moving strategy. The parameters α and β are 1.0, 2.0.
In Figure 10 , initial moving mesh is shown clustering near the circular cylinder where need high resolution. The evolution of moving mesh and vorticity contour are illustrated in Figure 11 . It can be discoverd that our moving mesh can efficiently capture the vorticity structure and our mesh is more concentrated than [15] . Velocity streamline is shown in Figure 12 . 
Remarks
In this paper, unsteady Navier-Stokes equations have been numerically solved using moving mesh method on 4P 1 − P 1 element. Hierarchy geometry tree is used to store the mesh structure of 4P 1 − P 1 element. This pair natrually satisfies LBB condition and it's reference element has only P 1 element.
Hierarchy geometry tree structure make convienence for multigrid preconditioning. However, the preconditioning strategy isn't implemented in this work. But it will appear in future work. Meanwhile, this tree structure is originally used for h-adaptive mesh. So the combining moving mesh with h-adaptive mesh by making use of this tree structure will be also considered.
